Extinction is the ultimate absorbing state of any stochastic birth-death process, hence the mean time to extinction is an important characteristic of any natural population. Here we consider the simplest and the most popular model in population dynamics, the logistic model, under both demographic and bounded environmental stochasticity. Three phases are identified: an inactive phase where the mean time to extinction T increases logarithmically with the initial population size, an active phase where T grows exponentially with the carrying capacity N , and temporal Griffiths phase, with power-law relationship between T and N . The system supports an exponential phase only when the noise is bounded, in which case the continuum approximation breaks down within the Griffiths phase. To study this regime we present a new WKB scheme which is applicable both in the diffusive and in the non-diffusive regime.
Noise and fluctuations are ubiquitous features of living systems. In particular, the reproductive success of individuals is affected by many random factors. Some of these factors, like the local density of nutrients of accidental encounter with predators, act on the level of a single individual. Others, like fluctuations in temperature and precipitation rates, affect many individuals coherently. The corresponding theory distinguishes between demographic stochasticity (shot noise), i.e., those aspects of noise that influence individuals in an uncorrelated manner, and environmental stochasticity, that acts on entire populations [1] .
For a population of size n, demographic noise yields O( √ n) abundance fluctuations while environmental stochasticity leads to O(n) variations. Accordingly, for large populations environmental stochasticity is the dominant mechanism. A few recent analyses of empirical studies confirm this prediction [2] [3] [4] [5] . However, the demographic noise controls the lowdensity state and must be taken into account for calculations of extinction times or fixation probabilities. Consequently, the study of models that combine deterministic effects, temporal environmental stochasticity and demographic noise, received a considerable attention during the last years [6] [7] [8] [9] [10] [11] [12] .
Many studies were devoted to the simplest and the most important model of population dynamics, in which the number of individuals n satisfies the logistic equation,
Here r 0 is the basic reproductive number that reflects the low-density growth rate and the β term is the density-dependent crowding effect due to intraspecific competition. The deterministic dynamics of Eq. 1 supports a transcritical bifurcation at r 0 = 0. For r 0 < 0 the inactive state n * = 0 is stable, while above the bifurcation point it becomes unstable and the system flows to the stable fixed point at n * = r 0 /β.
Since the actual number of individuals in a population is always an integer, Eq. 1 can only be interpreted as the deterministic limit of an underlying stochastic process. For any process with demographic noise the empty state n = 0 is the only absorbing state, so each population must reach extinction in the long run. Under purely demographic noise the bifurcation point separates two qualitatively different behaviors of the mean time to extinction T . When r 0 < 0 the extinction time is logarithmic in the initial population size, while for r 0 > 0 T grows exponentially with n * .
Another, more technical, aspect of the transition between the logarithmic and the expo-nential behavior has to do with the applicability of the corresponding Fokker-Planck equation. This differential equation emerges from the exact difference (master) equation via the continuum (diffusion) approximation, which may fail when the relevant function (e.g., the mean time to extinction given n, T (n)) is not smooth enough over the integers. Practically, the continuum approximation is valid in the logarithmic phase but fails in the exponential phase, giving wrong estimations for T (n). This problem received a lot of interest during the last 15 years [13] [14] [15] . In particular, it was shown that the diffusion approximation may be applied to the logarithm of the n-dependent function, and this WKB technique produces the correct results [16] .
To understand the lifetime of empirical populations one would like to study a logistic system under the influence of both demographic and environmental stochasticity. This problem was considered by a few authors [1, [17] [18] [19] for the case where the strength of the environmental fluctuations is unbounded, e.g., when the state of the environment undergoes an Ornstein-Uhlenbeck process. In such a case there are always rare periods of time in which the net growth rate is negative, and (as we shell see below) these periods dominate the large n * asymptotic behavior of the extinction times. As a result, the system admits only two phases: an inactive (logarithmic) phase for r 0 < 0 and a temporal Griffiths phases [20] ,where T scales like a power-law with n * , for r 0 > 0.
Here we would like to consider another scenario, a system under bounded environmental variations. Since the noise is bounded, for large enough r 0 the growth rate is always positive, so the system allows for three phases: logarithmic, power-law (temporal Griffiths phase) and exponential (see Figure 1 ). As long as the diffusion approximation works, only the first and the second moments of the noise distribution matters. Accordingly, the distinction between bounded and unbounded noise manifests itself only when the diffusion approximation breaks down. We identify this failure point inside the temporal Griffiths phase and provide a WKB analysis which is valid all over the power-law region.
To facilitate the calculations we would like to study the logistic dynamics in a finite system, so we consider a two "species" (types, alleles) competition model in a finite community with one-sided mutation [21] . Overall the system allows for a fixed number of N individuals, n of them belong to species A and N − n to species B. At each elementary step two individuals are chosen at random for a duel, the loser dies and the winner produces a single offspring [22] . The possible outcomes of the duels are,
where ν is the chance of mutation.
An A individual wins an interspecific duel with probability P A = 1/2 + s(t)/4, where s(t) = s 0 + η(t) and η(t) is a zero-mean random process. Following [11] we consider a system with dichotomous (telegraphic) environmental noise, so η = ±σ. After each elementary step η may switch (from ±σ to ∓σ) with probability 1/N τ , so the persistence time of the environment is taken from a geometric distribution with mean τ generations, where a generation is defined as N elementary duels.
This process supports an absorbing attractive fixed point at n * = 0 when r 0 ≡ s(t)−ν < 0 (more accurately the condition iss ≡ s(1 − ν/2) < ν. In what follows we neglect this tiny factor and use s fors, the same holds for r 0 and σ) and an active attractive fixed point
when r 0 > 0. In the logarithmic phase r 0 is always negative, in the exponential phase it is always positive, and in the temporal Griffiths phase it alternates between positive and negative values.
Using the procedure used in [9] , one may derive a discrete Backward Kolmogorov equation (BKE) for this stochastic process. The BKE may be solved numerically, by inverting the corresponding matrix, to obtain T (n), the mean time to extinction for a system with n A-type individuals. The mean is taken over both histories and the initial state of the system (plus or minus σ). The numerical results presented below were obtained from the BKE using this technique. For large-N systems we implemented, instead of direct inversion of a matrix, a transfer matrix approach that allows us to increase the numerical accuracy.
When N 1 and the diffusion approximation is applicable, n may be replaced by the fraction x = n/N and n ± 1 by x ± 1/N . Expanding all the relevant quantities to second order in 1/N , and using the dominant balance analysis presented in [9] , it can be shown that T (x) satisfies,
where g ≡ σ 2 τ /2 is the diffusion constant along the log-abundance axis. We solved Eq.
(3) separately in the inner region x 1 and in the outer region x 1/N g, using asymptotic matching to obtain, for 1/N x 1,
Accordingly, the time to extinction is logarithmic in n = N x when r 0 is negative (red region in Figure 1 ) and grows like N r 0 /g if r 0 is positive [1, 17] . This result holds as long as the diffusion approximation is appropriate. For higher values of x numerical factors may change but the functional N dependence is the same.
At the transition (along the r 0 = 0 line), as long as σ > 0,
where the dilogarithmic function Li 2 (−x) ∼ ln 2 (x) when x approaches infinity. Accordingly, for a single muntant (x = 1/N ) the only N dependence comes from the ln(νx/g) term and the time to extinction is logarithmic in N . On the other hand, when N gx 1 the ln 2 N dominates [20] .
At the transition point for purely demographic noise, where both r 0 and σ vanishes, the mean time to extinction, starting at x = 1, is [23] T
The time to extinction for a single mutant is T (1/N ) = 1 − (γ E + ln (ν/2) − ln(N ))/2 and in general, when x ∼ N −β , where 1/2 ≤ β ≤ 1, the time to extinction scales like N 1−β [C + D ln(N 2β−1 )], where C and D are some constants.
These results were obtained using the continuum approximation, thus their dependence on σ and τ is encapsulated into the effective diffusion constant g. The theory predicts a power-law dependence of T on N for r 0 > 0, but this prediction must fail when r 0 > σ (light blue region of Fig. 1 ): in this regime, even in the (−σ) state the time to extinction grows exponentially with N , and occasional jumps to the +σ state just increase T .
To study the system when the continuum approximation fails, we adopt a version of the WKB analyses presented and discussed in [16, 24] . We shall neglect the demographic noise and replace it (as in [1, 11] ) by an absorbing boundary condition at x = 1/N . The abundance dynamics is given by Eq. (1) , where the environment stays in the same state (plus or minus σ) forτ generations and than switches, with probability 1/2, to the other state (minus or plus σ).
Eq.
(1) implies that, if the system reaches x at certain time t, then one time increment before, at t −τ , it was either at x + + (x) or x + − (x) where,
and x * ± = 1 − ν/(s 0 ± σ). The probability P (x, t) to find the system at abundance 
Clearly, S = q/x where q is an O(1) constant. This implies that S ∼ q ln x, so P ∼ x q and Rate ∼ N −(q+1) , thus T ∼ N q+1 .
If both qτ r 0 and qτ σ are small numbers, Eq. (10) yields,
where the last approximation reflects a self consistency requirement for qτ r 0 1. On the other hand if qτ σ is large,
The case (11) corresponds to the regime where the continuum approximation holds. In that case the typical history that takes the system to extinction is a random walk in the log-abundance space. Since the variance of M random numbers, picked independently from an exponential distribution with mean τ with alternating signs, is equal to the variance of the sum M random steps of lengthτ ,τ = τ and
in agreement with the large N asymptotics of (4).
In the other extreme (12) extinction occurs due to a (rare) long sequence of bad years, soτ must be compared with the tail of the corresponding exponential distribution, in which caseτ = τ ln 2, hence in this regime
Here one sees that the diffusion approximation indeed fails (the result depends on τ and σ separately, not on g) and that the power diverge when r 0 → σ, i.e., at the transition between the temporal Griffiths phase and the exponential phase marked in Figure 1 .
Beside these limits, The transcendental equation (10) has to be solved numerically. In figure 2 these numerical solutions are compared with the results obtained from a numerical solution of the BKE and with the asymptotic expressions (13) and (14) .
Our WKB scheme neglects demographic noise, so it cannot predict the extinction time at the second (Griffiths-exponential) phase transition and above it. However, the insights acquired so far allow us to understand the qualitative features of T in these cases. For a typical system that admits a stable fixed point under pure demographic noise the population fluctuates around n * = x * N for exponentially long time (say, exp(αN )), then it declines to zero (due to demographic fluctuations) abruptly, with a typical decline time (ln x * N )/(r 0 ±σ)
[1]. Accordingly, the dominant route to extinction involves a period ln x * N/(r 0 − σ) in which the system stays in the minus state. The chance to pick such a period is N 1/τ (r 0 −σ) , so it contributes only a power-law correction to the exp(αN ) factor. As a result, in the large N limit the time to extinction in fluctuating environment converges (up to power-law corrections) to the time to extinction of the minus state [17] .
At the Griffith-exponential transition the same logic holds. The chance to reach extinction from the +σ state is exponentially small in N , so the dominant contribution comes from events in which the system stays for a long time in the (−σ) state, where the linear growth rate is zero. Given (6), one expects a stretched exponential behavior, T ∼ exp(N γ ), with γ = 0.5. As seen in Figure 3 , the behavior is indeed stretched exponential but γ ≈ 0.37.
We believe that this deviation has to do with the full distribution P (T ) in the purely demographic neutral case. Apparently this distribution admits exponential tails that lead, when convoluted with the factor exp(−T /τ ), to moving maximum in the corresponding Laplace integral that yields this value of γ. In spatially extended systems under global temporal fluctuations, like those considered recently in [25] , we expect, when the temporal variability is bounded, a similar phase diagram.
The Griffiths-exponential transition occurs when the minimal growth rate corresponds to the transition point of the corresponding contact process (or its large N generalization, see [26] ) with pure demographic noise, and the persistence time at the transition has to show a similar stretched-exponential behavior.
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